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1. INTRODUCTION
In this paper we study Legendrian knots inP×R, whereP is a punctured
Riemann surface. Here the symplectic form ω on the Riemann surface is
exact, ω = dθ and the contact form on P × R is α = dz − θ, where z is
a coordinate along the R-factor, and a knot is said to be Legendrian if it is
everywhere tangent to the contact distribution ξ = ker(α). The Reeb vector
field R of a contact form α is characterized by dα(R, ·) = 0 and α(R) = 1. In
the case P × R, α = dz − θ,R = ∂z .
Note that the differential of the Lagrangian projection pi : P × R → P is
an isomorphism when restricted to the contact planes in ξ. Pulling back
the complex structure on P to ξ we get a complex structure J compatible
with dα. Let K be an oriented Legendrian knot. Then K comes equipped
with an induced framing EK = (e1, e2, e3), where e1 is the tangent vector
of K, e2 = Je1, and e3 = ∂z . We say that two Legendrian knots K0 and K1
are formally Legendrian isotopic if there exists a smooth isotopy Kt of framed
knots with framing Et = (et1, e
t
2, e
t
3) such that e
t
1 and e
t
2 lie in ξ, e
t
3 does not
lie in ξ, and such that Es = EKs , s = 0, 1. Furthermore, we say that K0
and K1 are Legendrian isotopic if there exists a smooth isotopy Kt such that
Kt0 is a Legendrian knot for each t0 ∈ [0, 1]. Any Legendrian isotopy is a
formal Legendrian isotopy.
Chekanov [3] and Eliashberg [8], showed that there exist formally Leg-
endrian isotopic knots in R2 × R which are not Legendrian isotopic using
Legendrian contact homology. Both proofs utilized linearized contact ho-
mology, a theory which was later incorporated in the theoretical framework
by Eliashberg, Givental and Hofer in [4] introducing symplectic field the-
ory. Legendrian contact homology associates a differential graded algebra
(DGA) to a Legendrian knot K. The DGA is generated by Reeb chords on
K, i.e. flow lines ofR starting and ending onK and the differential is given
by a holomorphic curve count in the symplectization of the contact mani-
fold. The quasi-isomorphism type of the DGA (in particular its homology)
is invariant under Legendrian isotopy. In [5] Ekholm, Etnyre and Sullivan
worked out the details of Legendrian contact homology in the case of a con-
tact manifold of the form P × R where P is an exact symplectic manifold
of any even dimension 2n. If Λ ⊂ P × R then pi : Λ → P is a Lagrangian
immersion and Reeb chords of Λ corresponds to double points of this im-
mersion. In [5], a complex structure on the contact planes which is pulled
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back from an almost complex structure on P were used. For such a com-
plex structure, holomorphic disks in P ×Rwith boundary on Λ×R can be
described in terms of holomorphic disks in P with boundary on pi(Λ) and
the DGA of Λ was shown to invariant under Legendrian isotopies up to
stable tame isomorphism. In dimension 2 + 1 the contact homology can be
defined combinatorially by using the Riemann mapping theorem. This was
first observed by Etnyre, Ng and Sabloff in [9]. In this paper we describe
how to compute the Legendrian contact homology combinatorially when
P is a punctured Riemann surface. Similar situations has also been stud-
ied by other authors, e.g. Sabloff in [12] who studies Legendrian contact
homology in circle bundles and Ng and Traynor in [11] where they give a
combinatorial interpretation of contact homology in J1(S1). If K is a Leg-
endrian knot in P × R then the DGA of K is generated by crossings of the
knot diagram of K in P and the differential can be computed by counting
rigid holomorphic disks with boundary on the knot diagram. By the Rie-
mann mapping theorem, such disks correspond to immersed polygons in
P with boundary on the knot diagram. We give detailed definitions of this
DGA in Section 3. In order to construct and work with Legendrian knots in
R2 × R it is often more convenient to work with knot diagrams in the front
projection: if θ = y dx then the front projection projects out the y-coordinate.
For generic knots the front diagram is a self transverse immersion without
vertical tangents away from a finite number of semi-cubical cusps. Such a
diagram determines the knot completely and it was shown by Ng in [10]
how to recover a Lagrangian diagram from a front diagram and hence how
to compute the DGA.
In Section 4 we introduce the notion of a front diagram for Legendrian
knots in P × R for P 6= R2. Unlike the Lagrangian diagram (where we
just project to P ) the classical notion of the front diagram cannot be directly
translated (since there is no natural y-coordinate to project out). We rep-
resent P as a square D = I2 with thin open 1-handles attached along a
distinguished boundary segment I0 = {1}× I at points p±i . We consider an
open handle to be a thin rectangle which we attach along the short sides.
For Legendrian knots in D × R (where the contact form is dz − ydx) the
front diagram is simply the classical front diagram. By using the Liouville
flow to put the ”non-affine” Legendrian knots in a standard position we
can use this structure to define a notion of a front diagram for these Legen-
drian knots as well. The front diagrams for Legendrian knots not contained
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in D × R are then defined as the projections of generic Legendrian arcs in
D × R to I × {0} × R with properties as described below. The boundary
points of each arc is required to lie in a neighborhood of p±i × R obeying
certain 1-jet conditions. Furthermore we introduce the notion of a front iso-
topy in terms of Reidemeister moves , three moves from the classical front
diagrams in R3 and two additional moves corresponding to pushing cusps
and double points through the open handles (see Figure 6). Theorem 4.10
then states that if K0 and K1 are any two Legendrian isotopic knots rep-
resented by front diagrams F0 and F1 then there exist a front isotopy from
F0 to F1. We show how to recover a Lagrangian diagram from a front dia-
gram and thereby get a combinatorial description of the Legendrian DGA
in terms of fronts.
Remark 1.1. While Ng’s work makes it possible to directly compute the
DGA from the front diagram in the R2×R case, we will use the Lagrangian
diagram for our calculations. While any given Legendrian knot in P × R
might need to be put in a standard position (using the Liouville flow) before
examining its front diagram, it could immediately be projected to P to get
its Lagrangian diagram.
The main strength of the front diagram (both in the classical case and in
our case) is that it is easy to construct a Legendrian knot with some given
front diagram D. Using our front diagrams to obtain certain Legendrian
knots and using the combinatorial description of the Legendrian DGA in
Section 3 for knots in P×Rwe then establish the following result in Section
5.
Theorem 1.2. For any h ∈ H1(P × R) and any positive integer k there exists
Legendrian knots K1, . . . ,Kk realizing the homology class h such that Ki and
Kj are formally Legendrian isotopic but Ki and Kj are not Legendrian isotopic if
i 6= j, i, j ∈ {1, . . . , k}.
Theorem 1.2 is proved in Section 5. The proof makes use of knots K
in classes h 6= 0 which have the property that there are no holomorphic
disks with one positive puncture and boundary on K. (There are no null-
homologous knots that satisfy this condition, see Remark 5.2.)
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2. PRELIMINARIES
In this section we discuss the geometrical and algebraic setup to define
contact homology in P ×R. In Subsection 2.1 we show how to give a punc-
tured Riemann surface a contact form α such that it fulfills the demands in
Subsection 2.1 in [5], allowing contact homology to be defined. In Subsec-
tion 2.2 we briefly discuss contact homology.
2.1. Construction of the contact form on P×R. Constructing contact man-
ifolds by surgery was studied by Weinstein [13]. We consider, the simplest
case, surgery on symplectic surfaces. A Liouville vector field L on a sym-
plectic manifold M is a smooth vector field such that the Lie-derivative of
the symplectic form ω along L is again the symplectic form. Let D be the
standard unit disk in R2 (with coordinates (x, y)) defined by x2 + y2 ≤ 1
and let L be the radial symmetric outward pointing Liouville vector field
L := L(x, y) = (x, y). We recall that a Riemann surface is a complex mani-
fold of complex dimension one (and so has real dimension two and a natu-
ral complex structure).
Lemma 2.1. Let P be a genus g Riemann surface with boundary which has p+1
punctures. Then P admits a Liouville vector field L with the following properties :
L is outwards transverse at the boundary, L has p+ 1 + 2g zeros, one with Morse
index 0, and p+ 2g points with Morse index 1 for a given Morse function f such
that L is gradient like with respect to f .
Proof. For the case where p = g = 0 take the disc D = P with L(x, y) =
(x, y) and we are done. Any other (punctured, connected) Riemann surface
can be constructed from D by identifying intervals at the boundary. Given
two points, a, b on the boundary ofD we glue them together, following [13]
by locally representing the two pieces as the solution to F = 2y2−x2 ≥  =
1 where the boundary is defined by equality. See Figure 1 for an illustration
of the Liouville vector field before and after the gluing.
Locally, we can assume that the Liouville vector field L is the gradient
vector field of F . By letting  go from 1 to −1, keeping the gradient vector
field, we end up with 2y2 − x2 ≥ −1, connecting the two pieces together,
keeping L directed outward. This process creates a new critical point of
Morse index 1. The resulting manifold will have a Liouville vector field L
again pointing outwards, with an open handle attaching a to b. We continue
the attachment process until we have constructed P . We need to attach
p+ 2g open handles, resulting in p+ 2g additional index −1 zeros. 
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FIGURE 1. The Liouville vectorfield during a handle attachement
Due to our construction, we consider the interior of our original disc to
be the affine part of P , and in the same way we consider this affine part
times R to be the affine part of ¶ × R (since it models R3).
Lemma 2.2. If P is a p+ 1 punctured Riemann surface of genus g then P ×R
admits a contact form α such that it has finite geometry at infinity according to
Definition 2.1 in [5], furthermore, the Reeb vector field will be ∂z where z is the R
coordinate.
Proof. Construct P with the associated Liouville vector field as described
in Lemma 2.1. Contract the symplectic form with the Liouville vector field
on P . This will result in a 1-form L′. Let α = dz − L′ be the contact form
on P × R. It is straightforward to see that the form has finite geometry at
infinity. 
Remark 2.3. While the definition of finite geometry at infinity is slightly
technical, its use is to ensure that no holomorpic discs travel off to infinity.
Since the Liouville vector field is expanding, this cannot happen in our
case. Each puncture can be compactified to a boundary component with
outward pointing Liouville vectorfield. We can attach a cylinder S1 × R+
to this puncture, expanding the Liouville vectorfield as fast as necessary.
2.2. Contact homology. In general the Legendrian contact homology is an
algebra over the contact homology algebra of the ambient contact mani-
fold, generated by Reeb orbits. The Reeb vector field on P × R does not
have any Reeb orbits (since the Reeb vector field is ∂z) and so the Legen-
drian contact homology is generated by Reeb chords. Contact homology
associates a differential graded algebra to a Legendrian sub-manifold K of
some contact manifold M . The algebra is generated by the chords of the
Reeb vector field which ends and starts at K. The differential of a chord
counts rigid holomorphic discs with punctures on the boundary lying in P
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such that the boundary is mapped to pi(K) under certain restrictions. The
stable tame isomorphism class of this DGA is an invariant of K up to Leg-
endrian isotopy. Henceforth, we will assume that P × R is given a contact
form α as described in Lemma 2.2. Recall Theorem 1.1 from [5], where it is
assumed that P has finite geometry at infinity and that α is a contact form
expressible as dz − θ where θ is a primitive of the symplectic form on P .
Both conditions are fulfilled for our construction of P . This theorem tells
us that we have a well-defined contact homology.
Theorem 2.4 (Ekholm, Etnyre, Sullivan). The contact homology of Legen-
drian sub-manifolds of (P × R, α) is well defined. In particular the stable tame
isomorphism class of the DGA associated to a Legendrian sub-manifold K is in-
dependent of the choice of compatible almost complex structure and is invariant
under Legendrian isotopies of K.
3. A DGA FOR LEGENDRIAN KNOTS IN P × R.
In this section we give a combinatorial definition of the DGA AK which
is associated to a connected Legendrian sub-manifold K ⊂ P ×R based on
the geometric definition in [5]. For a more detailed description of the clas-
sical case see Chekanov [3]. We start by defining the graded unital algebra
in Subsection 3.1 and continue by defining the differential in Subsection
3.2. In Subsection 3.3 we explain how to use linearized contact homology
to distinguish DGA’s up to stable tame isomorphisms.
3.1. Defining the Graded Algebra. Let K be a connected Legendrian sub-
manifold in P × R. Following Subsection 2.2 in [5] the algebra of K is
generated by chords of the Reeb vector field ∂z . For generic Legendrian
knots, the only self-intersections of the projection to P are transverse dou-
ble points which will correspond to the Reeb chords and hence generate
the algebra. Let AK := Z[a1, a2, ..., an] be a unital algebra where ai are the
self-intersections of the Lagrangian diagram ofK. This defines the algebra.
It is still necessary to define a grading on the algebra. For this we need to
define the Maslov index.
3.1.1. Maslov index. The Maslov index is described in more detail by Ekholm,
Etnyre and Sullivan in Subsection 2.2 of [7] for a more general setting.
Given a smooth path L in P such that it forms a continuous loop, it in-
duces a path in the space of Lagrangian subspaces along L (the condition
of being Lagrangian is simply being a linear subspace in our case, since
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the symplectic form is the volume form on P ). Given a trivialization of the
tangent bundle TP along L, the loop L induces a path τL in the linear sub-
spaces of R2, i.e in RP 1. If the path closes up (i.e. τL(0) = τL(1)), we let the
degree of the induced map τL : S1 → RP 1 be the Maslov indexM(L). Note
that for smooth loops the Maslov index is always even, since the map fac-
tors over S1 (that is, the unit vectors inR2). The Maslov index then depends
on a trivialization of TP along the open handles hi for it to be defined for
loops (which close up) of nonzero homotopy in P . The consequence of this
choice is briefly discussed in Remark 3.1.
3.1.2. Gradings in Ak. The degree |a| of a double point a is defined as fol-
lows. The generator a is a double point of the Lagrangian diagram. We
can assume that the branches of the Lagrangian diagram are transverse at
double points. Then the preimage of a under the projection will consist of
two points a+ and a− with a+ having the higher z-coordinate. There are
two paths in K directed from a+ to a−, fix one of them as γ. While γ is a
loop in P , its induced path τγ does not close up (due to transversality at
a), and so we need to attach a small path to τγ . The attachment is done by
simply continouing the path in RP 1 with a positive direction until it closes
up. The new path is then called τ ′γ . Then deg(τ ′γ) − 1 = |a|. Let γ¯ be the
other choice. ThenM(K) = ±M(γ− γ¯) = deg(τ ′γ)−deg(τ ′¯γ). We will let the
algebra AK be graded modulo M(K) and thus independent of the choice
of γ.
Remark 3.1. In some cases (depending on the homology class of K, and
how K behaves over P ) the trivializations along hi can be chosen such that
M(K) is zero, allowing a Z grading. IfK is nontrivial in the homology then
the trivialization can be always be chosen such that M(K) is arbitrarily
large. Later on we will have a grading counted modulo M(K). Letting the
M(K) be arbitrarily large allows us to simulate a Z−grading.
The differential graded algebra for a Legendrian sub-manifold K pre-
sented in [5] has coefficients in the ring Z[H1(K)] with the algebra being
graded modulo c(P, ω) where c(P, ω) is calculated by evaluating twice the
first Chern class of TP (equipped with its almost complex structure J) on
H2(P, ω). The Chern class is trivial in our case, initially giving a Z grading.
The generators of H1(K) are given a grading of their Maslov indexes. In
our case, H1(K) ' Z, and is generated by K. We calculate the algebra with
coefficients in Z instead of Z[H1(K)], giving a grading modulo M(K)
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3.2. Defining the Differential. We demand that the differential d is linear
and obeys the signed Leibniz rule. It is then left to define the differential on
generators a. In Subsection 2.3 in [5] the differential counts rigid holomor-
phic discs in P with punctures on the boundary such that the punctures
are asymptotic to Reeb chords/double points and the boundary admits a
continuous lift to the the Legendrian sub-manifold. In contrast to the more
general higher dimension case described in [5] the count can be reduced
to combinatorics due to the Riemann mapping theorem. We will begin by
giving a combinatorial definition and later describe the connection to the
geometrical definitions in [5]. The combinatorial description is based on
polygons. Let Pn be the convex polygon with n + 1 corners (we consider
P0 and P1 to be ”polygons”, modeled by a teardrop and a an optical lens
respectively) with one distinguished corner. Let the corners be indexed
by τ0, ..., τn ordered by the orientation of the boundary of the polygon,
where τ0 is the distinguished corner. We say that τ0 is positive and the
other marked points are negative. In the Lagrangian diagram we also have
corners where the knot self-intersects. We give signs to these corners ac-
cording to Figure 2.
Definition 3.2. Let Fi be the set of orientation preserving immersions f of Pi
into P (up to orientation preserving diffeomorphisms of Pi mapping τ0 to τ0) such
that
• f(∂Pi) ⊂ pi(K)
• f maps τi to double points of pi(K)
• f maps neighborhoods of τi to locally convex corners
• f maps the neighborhood of τ0 into a positive corner
• f maps the neighborhoods of τi, i > 0 into negative corners
Let the product f(τ1) · · · · · f(τi) be denoted by bf ∈ AK . Note that the
product may be empty since the empty word is also considered to be a
word.
Definition 3.3. Let K be a Lagrangian diagram of some Legendrian knot. Let
a be a crossing in K. Then da =
∑∞
i=0 dia, where
dia =
∑
f∈Fi:f(τ0)=a
wfbf
The coefficient wf = ±1 is a sign associated to the holomorphic disc rep-
resented by f which we discuss in 3.2.2. To avoid the problem of choosing
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signs of discs, we will restrict ourselves to an algebra over Z2 in later cal-
culations, allowing us to give the weight 1 to every disc.
3.2.1. Polygons and Holomorphic discs. We recall that a J-holomorphic disc
in some space X with an (almost) complex structure J is a smooth map
from the unit disc D ⊂ C into X which is continuous on the boundary and
such that the complex structure on C is (almost) complex linear in the inte-
rior. In our caseX = P and since P is a Riemann surface, we have a natural
complex structure (and thus the map is holomorphic in the interior). We
wish to study 0-dimensional moduli spaces of such discs (up to conformal
parametrizations) which are transversally cut out. These are called rigid
holomorphic discs and are more closely described in [5]. In [5] the differen-
tial δ of a Reeb chord a counts rigid holomorphic discs with punctures on
the boundary such that the boundary of the disc lies on pi(K) and the punc-
tures on the boundary are sent to double points. Furthermore, we consider
one puncture to be a marked point, and require that this puncture is sent
to a. We can use the Riemann mapping theorem to understand the connec-
tion between our immersed convex polygons and rigid holomorphic discs.
Given an immersed polygon Pi we can lift the complex structure from P
to Pi. Then the Riemann mapping theorem gives us a mapping from the
unit disc in C with a marked puncture to Pi, giving us a rigid holomor-
phic disc in P . Conversely, any rigid holomorphic disc can be considered
an immersed polygon (with convex corners, etc). The correspondence be-
tween corners on the boundary of the polygon and punctures on the disc is
straightforward. Following [5] a convex corner in the Lagrangian diagram
is said to be positive if traveling along the border of the holomorphic disc
takes you from an upper to a lower branch of the knot and negative if it
takes you from a lower to an upper branch as depicted in Figure 2.
3.2.2. Signs of holomorphic discs. While computing the algebra AK over Z2
gives rise to a useful invariant, it is possible to define the algebra over Z by
giving wf an appropriate sign. There are several possible ways to assign
signs, of which not all are equivalent. Here we describe one combinatorial
way to assign signs. Given an immersion f of a polygon Pi let the num-
ber of shaded corners in the image of the corners of Pi be cf following the
shading rule in Figure 2. Then wf = (−1)cf .
Signs are assigned to holomorphic discs using a system of coherent orien-
tations, introduced by Etnyre, Ng and Sabloff in [9]. Assigning signs to
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FIGURE 2. The upper crossings show which corners are
negative and which are positive. The lower two crossings
show the markings assigning signs to the differential.
holomorphic discs is somewhat complicated, and the situation is described
by Ekholm, Etnyre and Sullivan in Section 4 in [6]. While they consider the
contact manifold R2n × R it is possible to use their combinatorial descrip-
tion from 4.5.1 in [6] (where n = 1) to obtain a the combinatorial formula
we will use. In [6] the combinatorial formula is obtained by comparing cer-
tain diagram orientations (see 4.5.4) to coherent orientations induced from
basic choices and a spin structure on K ⊂ P ×R (see 4.5). We chose the Lie
group spin structure on K. To relate their combinatorial description to the
sign convention described above, choose an immersion of P → R2 = C.
Using this immersion we can pull-back diagram orientations and coherent
orientations form R2, allowing us to use the combinatorial descriptions of
signs in their paper. Choosing the other spin structure (the null-cobordant
spin structure) onK would then change the signs according to Remark 4.35
in [6].
Remark 3.4. Since our construction has followed the construction in [5]
it follows that the differential and the grading are well behaved giving a
DGA; for instance, d2 = 0 and d decreases the degree by one.
The following theorem holds true for our choice of P as a p+1 punctured
genus g Riemann surface with contact structure constructed as in Section 2
and algebras constructed as above.
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Theorem 3.5. LetK,K ′ be two Legendrian knots in P ×R. IfK is Legendrian
isotopic to K ′ then there exists a stable tame isomorphism between the associated
graded differential algebras AK and A′K . It then follows thatHC∗(AK) is isomor-
phic to HC∗(AK′) as graded algebras.
Proof. Since the combinatorial calculation of AK follows the geometrical
definitions in Section 2 of [5] we can use Proposition 2.6 in their paper stat-
ing the Theorem above. 
3.3. Linearized Contact Homology. It can be difficult to show that two
DGA’s are not stable tame isomorphic. One tool to show that two DGA’s
are not stable tame isomorphic is linearized contact homology, originally
introduced by Chekanov in [3]. In linearized contact homology a new dif-
ferential is constructed acting on the DGA filtered by word length. Let A
be a DGA with coefficients from a field (in our case Z2). We can filter A
by word length by letting An be the vector space generated by words of
length at most n in the generators. We say that a differential is augmented
if for each generator a ∈ A we have that da contains no constant term. An
augmented differential acting on A induces a differential d1 on A1 by act-
ing with d on some element in A1 and then projecting back to A1. Since
d0 = 0 the word length never decreases. The linearized contact homology
of A is then ker(d1)/Im(d1). To any such homology we have an associated
Chekanov-Poincare´ polynomial p(λ) where the coefficient before λn is the
dimension of the n-graded components of ker(d1)/Im(d1) (where the grad-
ing is A’s original grading). To construct an augmented differential d′ from
a differential d we let d′ = c◦d◦ c where c is zero on the coefficient ring and
maps generators ai to ai + ci where ci lies in the coefficient ring such that
ci = 0 if |ai| 6= 0. The map c is then called an augmentation if it leads to an
augmented differential. The set of Chekanov-Poincare´ polynomials arising
from augmentations is an invariant up to stably tame isomorphism.
4. KNOT DIAGRAMS
In this section we describe how to construct appropriate diagrams for
Legendrian knots, and how to construct Legendrian knots starting from
diagrams. In Subsection 4.1 we examine P × R in more detail and present
how to model it as a square with the standard contact structure together
with some marked intervals representing where the open handles attach.
We introduce a notion of front diagrams and front diagram isotopy for
LEGENDRIAN CONTACT HOMOLOGY. . . 13
Legendrian knots in P × R in Subsection 4.2. We also show that any pair
of knots which are Legendrian isotopic have corresponding front diagrams
which are front diagram isotopic. Given a front diagram F we show how
to get the Lagrangian diagram pi(K) for a Legendrian knot K which has F
as its front diagram.
4.1. Modeling P together with its contact form. Recall from Section 2 that
the Liouville vector field L was used to construct the Liouville form L′ on
P . Flowing along the Liouville vector field and the Reeb vector field is
a Legendrian isotopy. Note that D × R ⊂ P × R. The contact form α
on P × R restricts to a contact form on D × R. We calculate this contact
form explicitly. Recall that on the disc we had the Liouville vector field
L := L(x, y) = (x, y). Contracting the symplectic form with L gives L′ =
xdy − ydx and constructing α gives α = dz − xdy + ydx. We construct a
contactomorphism from the the standard form dz − ydx by the change of
variables
x′ = (x+ y)/2, y′ = (x− y)/2, z′ = z + xy.
Note that this variable change commutes with the projection to D. We
also that see the Reeb vector field ∂z = ∂z′ . While this change of variable
changes the Liouville vector fields expression in terms of the new coordi-
nates, in the projection to P the vector field L is still repulsive around the
origin of D. We will henceforth use the standard contact form on D × R
and denote the coordinates by x, y, z. Furthermore, we will model D not as
a disc but as a square with the sides parallel to the x and y-coordinates. We
model P as this square with some subintervals of the right hand side identi-
fied, corresponding to the open handle attachment in the construction of P ,
the identified intervals are then considered to be connected by some open
handle. The identification is done respecting the orientation on ∂D. We call
this the square model of P . It is well known that any punctured Riemann
surface can be obtained by starting with a disc and attaching a number of
annuli and a number of punctured tori (that is, tori with a disc removed).
Each attached punctured torus corresponds to two open handles, where
the second open handle connects two different boundary components and
each annulus corresponds to one open handle. For an example with three
open handles see Figure 3. For a p + 1 punctured, genus g Riemann sur-
face, p annuli and g tori needs to be attached. Since we are allowed to
attach the open handles wherever we want, we can choose to construct
them along the righthand side and furthermore, attach them in such a way
14 JOHAN BJO¨RKLUND
FIGURE 3. A construction of a twice punctured genus one
Riemann surface P .
that open handles which come from annuli have positive y-coordinates and
open handles coming from tori have negative y-coordinate, see Figure 3 for
an example.
4.2. Front diagrams. Let K be a Legendrian knot in P × R. The flow φtL
along the Liouville vector field L (under its natural extension to P×R) after
time t preserves the Legendrian isotopy class of K. As t tends to −∞ any
compact set tends to some small neighborhood of the union of the stable
manifolds. In particular ,since the Liouville vector field L is still attracting
towards the line over what was originally the origin of the disk, used to
model P , after a projection to P the knot will consist of a part, called the
central part, lying in a small neighborhood B(0, ) of the origin and several
arcs going out through the open handles and then returning to the central
part. The height difference in our new coordinates (also called the action)
also tends to zero above the central part as shown by the following lemma.
Lemma 4.1. Given a Legendrian knot K there exists some function f() such
that after flowing along the inverse Liouville flow long enough the part of (K ∩
B(0, ) × R) ⊂ B(0, ) × I, where the interval I has length f(), furthermore
f() tends to 0 as  tends to 0.
Proof. It is easy to see that some function f() satisfying the first part of the
theorem exists due to compactness. Assume that we have two points a, b
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in the central part of K with z-coordinates differing by d >> 0. Since K is
connected we can travel from a to b along K. The difference in height can
come from two sources. It can either come from the central part or from arcs
going through the open handles and back, since K can be divided into arcs
and the central part. Inside the central part, the height gained corresponds
to the area covered in the Lagrangian projection (by integrating dz = ydx).
However, the ball B(, 0) has an area tending to zero as  tends to zero.
We visit the central part only finitely many times, leading to a contribution
that tends to zero as epsilon tends to zero. We also travel along finitely
many handle-arcs so it is enough to show that the height contribution from
traveling along one such arc tends to zero. Let this handle-arc be denoted
by A. The endpoints of A must lie in the central part. We can easily find
some Legendrian curve C inside D × R such that C ∪ A is a Legendrian
knot (we simply close up the curve in some way). The height contribution
from going along A is then the same as the contribution from going along
C. After flowing along the inverse Liouville vector field long enough, C
will be in the central part and so contribute a height difference bounded by
the area of the projection of the central part to P as above. 
We call a finite collection of curves C in the square, modelling the pro-
jecting out the y-coordinate inD×R, for a prefront if there exists a collection
of Legendrian curves C ′ in D × R such that the front projection to the zx
plane is C. Note that any such collection of Legendrian curves is unique,
since the y-coordinate of the curves can be regained from the front diagram
by solving the equation dz = ydx.
Definition 4.2. We call a prefront C admissible for every curve γ ∈ C the
endpoints of γ lie on marked intervals. Furthermore we require that γ is transver-
sal to every marked interval. We also demand that for each associated (by the open
handle) pair of intervals I and I ′ the same number of endpoints lie on both.
Remark 4.3. Any generic prefront will be obeying the same rules as a
standard front diagram in R3, i.e. no vertical tangents, and the only singu-
larities are semi-cubical cusps and transverse self-intersections.
Given an admissible prefront F we identify the endpoints of the curves
in F in the following manner. For each pair of associated intervals I and
I ′ the endpoints on I are identified with the endpoints on I ′ in the order
which preserves the orientation of the boundary of the square. The curve γ
obtained in this manner is called the completed prefront.
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Kn-1Kn
FIGURE 4. The resolution of the front diagram, note the dif-
fering resolutions depending on upper and lower handle at-
tachments.
Definition 4.4. Given an admissible prefront F with a completed prefront γ we
call F a front diagram if γ is an self transverse immersion of a circle, except for
some finite number of points where the image is a semi-cubical cusp.
Definition 4.5. Given a generic front diagram F we call the knot diagram Fˆ
the resolution of F if Fˆ is obtained by replacing every crossing, every right and
left cusp and every associated interval pair (where the pairing is by the handle)
as depicted in Figure 4, noting the different resolutions depending on if such a
interval is the upper or lower in the pair.
Remark 4.6. Note that this resolution for front diagrams which are affine
(i.e. never enter the open handles) is the resolution presented by Ng in [10].
We say that two knot diagrams are knot diagram isotopic if there is a
isotopy preserving the decorations on the crossings between them.
Theorem 4.7. Given a Legendrian knot K ⊂ P ×R, it is possible to construct
a front diagram F forK such that the resolution Fˆ of this diagram is knot diagram
isotopic to the Lagrangian diagram of a knot K ′ which is in the same Legendrian
isotopy class asK. Furthermore, for any front diagram F there exists a Legendrian
knot K such that the Lagrangian diagram pi(K) is knot diagram isotopic to the
resolution of F .
Proof. Choose some small Legendrian perturbation, putting the knot in
general position. We begin by flowing along the inverse Liouville vector
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field L for a long time to put the knot in a standard position. After this flow
the knots will consist of three parts. One part Kˆ will be inside B(0, )× R.
Outside of this piece the knot will consists of a number of arcs (in the rest
of the disc and in the handles) which are very close to the solutions of the
Liouville flow passing through the zeroes in the handles. These arcs are
easy to understand and most of the proof is devoted to examining how
they interact with each other and with Kˆl. See Figure 5 for an example of
the Langrangian diagram together with the front diagram for a Legendrian
knot where P is the punctured torus and where we have three arcs.
We take care of these pieces separately from the part inside B(0, ) × R.
Since the restriction of the contact form to B(0, ) × R gives the standard
contact form dz − ydx we simply construct the prefront for this pieces of
the knot using the standard front projection taken from the classical R3 sit-
uation.
We now consider the arcs passing through the handles. Since the arcs
were attracted to the solution of the Liouville flow, each arc in itself is very
simple. It starts at Kˆ and travels outward from the disc to a handle, goes
through the handle, and returns to Kˆ without any self intersections in the
Lagrangian diagram (all such intersections are pushed to Kˆ by the inverse
Liouville flow. We wish to understand how these arcs interact with each
other and how they enter the Kˆ part of the knot. Two arcs passing through
different handles will not have any intersections in the Lagrangian dia-
gram due to the flowing separating them. Take two arcs A and A′ passing
through the same handle. Since the Liouville flow pulled the knot towards
the curve passing through the zero of the Liouville vector field in this han-
dle, the two arcs will be very close in the Lagrangian projection. See Figure
5 for an example of the Lagrangian projection together with the front dia-
gram.
Since the arcs are very close, the value of the Liouville form integrated
along the arcs will be very close. Since dz = L′ for Legendrian knots the
height differences achieved by passing through the handle must be very
close for the two arcs as well (and can be made arbitrarily close by flowing
long enough) and hence the sign of the difference between their respective
z-coordinates does not change when passing through the handle. Thus the
z-order in which they enter Kˆ does not change either. In the Lagrangian
projection to D inside the square model of P , outside of the central part
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y
- >
^
K
x ->
z
- > ^K
FIGURE 5. A Lagrangian diagram together with the front
diagram. Note that the handles are not included in the front
diagram since we can only mark when arcs enter the han-
dles, but not the handles themselves.
B(0, ) arcs will be close to straight lines going from the intervals denoting
the open handle attachment to B(0, ). We can assume that these straight
lines do not intersect (by first choosing a small making any eventual inter-
sections very close to B(0, ) and then choosing a slightly larger  absorb-
ing any intersections. Since they do not intersect and go from the intervals
denoting the open handle attachments to the center and the open handle
attachments all have differing y-coordinates, the arcs will be ordered by
the y−coordinate of their entry to the intervals. Furthermore, this order-
ing will be preserved for any x > , and arcs entering the same interval
will have y−coordinates very close to each other. In the xz projection in
D × R, the ordering of the y-coordinates will correspond to a similar or-
dering of the slopes of the arcs by solving the equation dz = ydx, with
higher y−coordinate corresponding to a higher slope. By Lemma 4.1, the
arcs start inside some small cube above the center of D. Since the arcs
travel outwards fromB(0, )×I with ordered slopes, by making I of small
enough length, the slope order will correspond to the z-coordinate order
when entering the handles. This justifies drawing intervals at the appro-
priate z−coordinates corresponding to the handles which the arcs are pass-
ing through. Since the height difference between two arcs passing through
the same handle did not change significantly, the order of passing into a
handle, ordered by z-coordinate and going out the other end of the han-
dle, ordered by z−coordinate, must be preserved. Going back through the
equivalent orderings, also the y-coordinate orderings must be preserved.
Thus, two arcs passing through the same handle must cross at least once in
the Lagrangian diagram, they cannot cross more than once due to the flow.
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Since we know their relative heights outside of the handle, and since any
height-changes inside the handles are very close (being the integration of
the Liouville form), we know which arc passes above the other. Since we
are only interested in the Lagrangian diagram up to knot diagram isotopies,
we can move out these crossings outside the handle. This corresponds to
the resolution of the handles. We know that we have no crossings in the
Lagrangian diagram outside of the handles and B(0, ). Inside B(0, ) we
can use Ng’s [10] techniques to retrieve the Lagrangian diagram. This gives
a complete picture of the Lagrangian diagram up to knot diagram isotopy.
Given a front diagram F we construct an associated Legendrian knot
as follows. Choose some Legendrian arcs passing through the handles
where the curve in the front diagram enters. After flowing along the in-
verse Liouville flow for long enough time, these arcs will stay Legendrian
and their endpoints will stick into D×R. In D×Rwe can attach the pieces
of the diagram entering the handles to the arcs lifted to the front diagram
in D × R. Inside the square we can simply solve the equation dz = ydx to
get y−coordinates making the result Legendrian. Outside of the square we
will have our (near identical) arcs which we knew were Legendrian. The
front diagram for this Legendrian knot is then F . 
Remark 4.8. Since the resolution of a Legendrian knotK discovers every
crossing in the Lagrangian diagram, it discovers every Reeb chord and can
thus be used to calculate the DGA. Furthermore, since any front diagram
corresponds to a Legendrian knot, we have a method for constructing ex-
amples of Legendrian knots in P × R.
Definition 4.9. We say that two front diagrams are equivalent if there exists a
sequence of moves taking one of them to the other. The allowed moves are depicted
in Figure 6.
Theorem 4.10. If two Legendrian knots K and K ′ are Legendrian isotopic the
front diagrams associated to K and K ′ will be equivalent.
Proof. Let f(t) be the Legendrian isotopy taking K to K ′. We can act on the
entire isotopy by flowing along the inverse Liouville vector field. As long
as all the knots are in general position with regards to the handle-part of the
unstable solution passing through the zeros of the Liouville flow in the han-
dles the entire isotopy will be a Legendrian isotopy of curves in D×R and
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FIGURE 6. Moves defining front diagram equivalence.
can thus be reduced to a sequence of classical front diagram moves (those
not involving handles in Figure 6). If the knot ever is in a non-general posi-
tion with regards to the unstable solution, we either have a tangency to the
unstable solution or a double point (that is, we have a loop or a crossing
passing through a handle) in the generic case. Since the isotopy can be as-
sumed to be generic, there are only finitely many such occurrences. In each
case, we examine the diagram just before the collision with the unstable so-
lution, flow against the Liouville vector field, and compare it to the picture
after the collision, again using the inverse Liouville flow. These situations
correspond to the moves involving the handles in Figure 6

5. EXAMPLES
In this section we consider some examples of Legendrian knots. Any
affine Legendrian knot in R3 is naturally included as a Legendrian knot in
P × R. We calculate the DGA for several non-affine Legendrian knots and
show that Legendrian knots which are formally Legendrian isotopic but
not Legendrian isotopic exists in every homology class in P . We will use
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Chekanovs knots to construct non-affine knots which need the DGA to dis-
tinguish them. An interesting collection of knots realizing every nontrivial
homology class in P × R is given by the following lemma.
Lemma 5.1. For each nontrivial homology class h ∈ H1(P × R) there exists
a Legendrian knot Kh ⊂ P × R such that Kh realizes the homology class h and
such that every polygon immersed as in Subsection 3.2 has at least two positive
punctures.
Proof. Let P be a Riemann surface with p + 1 punctures and genus g. We
model P with our standard square model, where we have the open handles
arising from attaching a punctured torus has positive y-coordinates and
the open handles arising from attaching annuli with negative y-coordinate.
Then H1(P ×R) = Zp× (Z×Z)g. We construct the Legendrian knot Kh by
constructing Legendrian knots Ka,b for the genus contributing pieces and
Legendrian knots Kc for the puncture contributing pieces such that they
admit no immersed polygons with less than two positive corners realizing
the corresponding homology classes (a, b) respectively c. We begin with
the case (a, b). Let k1, k2, τ be an integer solution to the vector-equation
k1(1, 1) + k2(1,−1) + τ(1, 0) = (a, b) such that τ is either 0 or 1. Take k1
copies of curve A, k2 copies of curve B and τ copies of curve C where the
curves are as depicted in Figure 7. Taking a negative number of curves is
interpreted as switching orientation of the curve. Note that the curves do
not intersect either copies of themselves or each other (except for C which
could intersect itself, hence we only use one copy of it) before the resolu-
tion. Note that this collection of curves do not cross each other and have
no righthand cusps. To make just one knot out of all these components
we attach ”horizontal braids“ Tn inductively defined as in Figure 10 to the
top interval for the A-curves and the B-curves (the C-curve is already one
component). The A,B and C parts are then connected together by adding
replacing parallel horizontal pieces with one part from two different con-
nected components with T2 braids where the orientations agree. We call
the resulting knot Ka,b. In the case of a puncture encapsulating open han-
dle with homology class c, we construct the knot directly as seen in Figure
8, with bc/2c denoting the integer part of c/2. We can assume that c > 0,
since in the case of c < 0 we follow the construction for −c and switch
orientation.
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FIGURE 7. Two copies of curve A, two copies of curve B and
one copy of curve C.
T⌊c/2⌋
FIGURE 8. The front diagram realizing c, there are c strands
passing through the handle.
After resolving these diagrams we will get a number of crossings from
the Tn’s and some crossings from the handle resolution. However, no im-
mersed polygon has less than two positive punctures, thus the DGA is just
the free algebra of the generators ai with dai = 0. This can be seen by ex-
amining the horizontal braids from which crossings originate, both coming
from the handle resolution and the Tn constructions. In any such horizon-
tal braid it is easy to see that any immersed polygon is forced to either
extends through the entire braid (perhaps picking up some negative cor-
ners) or start at a positive corner and extends out from one side. Since the
horizontal braids are connected to each other, any attempt to immerse a
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FIGURE 9. We glue together different knots as depicted, de-
pendent on the orientations.
T_n
FIGURE 10. We construct Tn+1 on n+ 1 strands using Tn
polygon can only start and end at a positive corner, any immersed polygon
must have at least two positive punctures. Recall that we could choose the
trivialization along the handles. This allows us to choose a trivialization
giving us an arbitrary high Maslov index for this knot. To construct the
knot Kh with homology (c1, c2, ..., cp, a1, b1, a2, b2, ..., ag, bg) we simply take
the knots Kc1 , ..Kcp ,Ka1,b1 , ...,Kag ,bg and glue them together as shown in
Figure 9, depending on how the orientations agree. In the case of one of
the terms being zero, we just ignore this knot. Since we assumed that the
homology was nontrivial, we will end up with at least one piece. These
gluings will obviously not allow any more polygons with less than two
positive punctures, and so the resulting knot Kh will fulfill the demands in
the theorem.

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Kh Kh
FIGURE 11. The attachment of Chekanovs two knots to Kh
Remark 5.2. Using results of Bourgeois, Ekholm and Eliashberg [1][2]
one can show that every Legendrian knot in R3 has some immersed poly-
gon in its Lagrangian diagram with exactly one positive puncture [Ekholm,
personal communication].
This collection of knots enables us to relatively easily attach other knots
to it, without destroying too much of the homology. This gives rise to the
following theorems.
Theorem 5.3. For each homology class h in H1(P × R), there exists 2 Legen-
drian knots K and K ′ which cannot be distinguished by the classical invariants
yet have different contact homology and so are not Legendrian simple.
Proof. In the trivial case we can just take Chekanovs knots, presented in [3]
and use an affine diagram, since the calculation of the contact homology
coincides with the classical calculation, they are not isotopic. In the non-
trivial case we let the sought after homology class be (a, b). We attach the
Chekanov knots L, L′ which are formally Legendrian isotopic to Ka,b as
depicted in figure 11.
The resulting knots are isotopic and of the same Maslov index. We can
see that since the Chekanov knots are formally Legendrian isotopic in R3
and we just attach our knot at one point, we can fix them at this point and
construct this formal Legendrian isotopy inside a sphere outside the point
(in the non-affine part, they are identical so nothing needs to be done). We
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α9α8
α4
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α2
α5
α6
α1
α8
α4
α7
α9
α3
ˠ ˠ'
FIGURE 12. The knots K and K ′ after attachment and resolution.
can calculate the linearized contact homology for our new knots K and K ′
with coefficients in Z2 (to simplify the calculations) after resolving the front
diagram. We separate the generators into three different kinds. We denote
the generators originating from the knots L,L′ by α1, ..., α9 and α′1, ..., α′9
respectively. The crossings originating from Kh are called β1, ..., βn and
β′1, ..., β′n respectively. Note that |βi| = |β′i|. The crossing originating from
the attachments we call γ and γ′. The part of the resolved knots coming
from K and K ′ (which is the interesting part from the point of view of
contact homology calculations) are depicted in Figure 12.
We can easily see that |γ| = |γ′| = m(L) = m(L′) = 0 and (following the
capping paths that do not visit the handles) that
|αi| = |α′i| = 1, i = 1...4,
|α5| = 2, |α′5| = 0
|α6| = −2, |α′6| = 0
|αi| = |α′i| = 0, i = 7...9.
While the degree is counted modulo the Maslov index of the entire knot, we
can assume that this number is arbitrarily large by choosing an appropriate
trivialization along the handles. This might change the degrees of the β
and β′ crossings, but will not change the degree of the other crossings since
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they can be computed without going through arcs. Since the grading of the
algebra is done modulo something arbitrarily large the degrees −2, 2, 0, 1
are distinct. The differentials are then as follows for the K knot.
d(α1) = 1 + α7γ + α5α6α7γ
d(α2) = 1 + α9 + α9α6α5
d(α3) = 1 + α7α8
d(α4) = 1 + α8α9
d(αi) = d(γ) = d(βj) = 0, i ≥ 4.
We recall that an augmentation is an algebra homomorphism c sending αi
to αi + ci, βj to βj + bj and γ to γ + g1 such that c ◦ d lacks constant terms
and such that it acts as identity on generators of non-zero degree. Since the
βj generators never appear in the differentials, any choice of bj (respecting
the degree condition) works. We need to find solutions to a corresponding
system of equations for the generators on which the differential acts non-
trivially to find possible augmentations. Since we are working over Z2 this
is not very difficult.
0 = 1 + c7g1 + c5c6c7g1
0 = 1 + c9 + c9c6c5
0 = 1 + c7c8
0 = 1 + c8c9
It is obvious that the only possibility which gives an augmentation is c7 =
c8 = c9 = g1 = 1. with ci associated to ai and g1 associated to γ. On the
linearized level we have that
d1(α1) = α7
d1(α2) = α9
d1(α3) = α8 + α7
d1(α4) = α9 + α8
It is easy to see that the homology is generated by αi for i = 1...6, γ and the
βi’s. Then the associated polynomial is λ2 + 4λ+ λ−2 + p(λ) where
p(λ) =
∞∑
j=−∞
#{i : |βi| = j}λj .
In the K ′ case, we have the following differentials:
d(α′1) = 1 + α
′
7γ + α
′
5α
′
6α
′
7γ
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d(α′2) = 1 + α
′
9 + α
′
9α
′
6α
′
5
d(α′3) = 1 + α
′
8α
′
7
d(α′4) = 1 + α
′
8α
′
9
d(α′i) = d(γ
′) = d(β′j) = 0, i ≥ 4.
While the equations are the same as for K the grading differs which gives
us other possibilities for augmentations (and, as we will see, is the crucial
difference between the knots). The augmentations must again be c′7 = c′8 =
c′9 = g′1 = 1 with the added demand that while c′5c′6 = 0 one of them might
be nonzero (which was earlier forbidden by the degree condition). Recall
that d1 is the linear term of the augmented differential c ◦ d ◦ c. On the
linearized level we have that
d1(α1) = α
′
7 + c
′
5α
′
6 + c
′
6α
′
5
d1(α2) = α
′
9 + c
′
5α
′
6 + c
′
6α
′
5
d1(α3) = α
′
8 + α
′
7
d1(α4) = α
′
9 + α
′
8
The homology is then (again) generated by α′i for i = 1...6 and the β
′
i (for
any solution of c′5c′6 = 0). Since |βi| = |β′i| we have the associated poly-
nomial as 2 + 4λ + p(λ) 6= λ2 + 4λ + λ−2 + p(λ). Since we examined all
possible augmentations in both cases, the sets of Chekanov-Poincare´ poly-
nomials associated to the knots both consist of a single element. Thus, the
two knots are not Legendrian isotopic since it is enough to compare these
elements. 
This theorem can be strengthened further using the constructions in the
proof to prove Theorem 1.2, here restated.
Theorem 1.1. For any h ∈ H1(P × R) and any positive integer k there exists
Legendrian knots K1, . . . ,Kk realizing the homology class h such that Ki and
Kj are formally Legendrian isotopic but Ki and Kj are not Legendrian isotopic if
i 6= j, i, j ∈ {1, . . . , k}.
Proof. We use a similar construction as in the proof of Theorem 5.3. Instead
of taking one copy of Chekanov’s knot L (or L′) and attaching it to our knot
Kh, we attach i (with 0 < i ≤ k) copies of L and k − 1 − i copies of L′ as
depicted in Figure 13. For each choice of iwe get a knotKi, in total we get k
knots. Clearly the k knots will be formally Legendrian isotopic, by the same
argument as before, after the gluing. We again use the Legendrian contact
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Kh
L L L'L'
FIGURE 13. Attaching many copies of Chekanovs knots.
homology and linearize it. The copies of L and L′ do not interact with each
other, so we will get n copies of the equations for the K case and k − 1− n
copies of the equations for the K ′ case together with the β equations. The
associated polynomials will be iλ2 + 4λ + 2k − 2 − 2i + iλ−2 + p(λ). The
polynomial p(λ) is independent of i (and is indeed the same polynomial as
in the proof of Theorem 5.3). Hence, we have k Legendrian knots which
are not pairwise Legendrian isotopic by letting i range from 0 to k − 1. 
Example. In Figure 14 we give an example of a knot which is zero in ho-
mology but not homotopically trivial in the case of P being the punctured
torus. Furthermore, this knot has a relatively simple contact homology,
with four generators a1, ..., a4 such that da2 = da4 = 0, da1 = a2, da3 = a4.
Using this knot we can again construct arbitrarily high numbers of pairwise
non Legendrian isotopic knots in its homotopy class using the techniques
above.
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α2
α1
α3
α4
FIGURE 14. The front diagram and resolution of a zero ho-
mologous knot that is not zero homotopic.
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